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ABSTRACT
Thegeneralizedassignmentproblemis aclassicalcombina-

torial optimizationproblemknown to beNP-hard.It canmodel
a variety of real world applicationsin location,allocation,ma-
chineassignment,andsupplychains.Researchershave studied
theproblemsincethelate1960s,andcomputercodesfor practi-
cal applicationsemergedin theearly1970s.We proposea new
algorithm for this problemwhich proves to be more effective
thanpreviously existing methods.Thealgorithmfeaturesa path
relinking approach,which is a mechanismfor generatingnew
solutionsby combiningtwo or morereferencesolutions.Com-
putationalcomparisonson benchmarkinstancesshow that the
methodis notonly effective in general,but is especiallyeffective
for the typesD and E instancesof the generalizedassignment
problem,which areknown to bequitedifficult.

INTRODUCTION
We introducean effective metaheuristicalgorithm for the

generalizedassignmentproblem(GAP),which is oneof therep-
resentative combinatorialoptimization problemsknown to be
NP-hard.Thisproblemhasmany importantapplications,notably
including scheduling,supply chain, location and vehicle rout-
ing problems.Consequently, thechallengeof designinga good
heuristicalgorithmfor GAP hassignificantpracticalaswell as
theoreticalvalue.

Our algorithm featuresa path relinking approach(Glover,
1994, 1997) associatedwith adaptive memory programming
(tabu search),which providesan “evolutionary” mechanismfor
generatingnew solutionsby combiningtwo or more reference
solutions. The algorithm also featuresan ejection chain ap-
proach,likewise associatedwith tabu search,which is embed-
dedin a neighborhoodconstructionto createmorecomplex and
powerful moves. Lagrangianrelaxationprovidesadjustedcost
informationto guidethe neighborhoodsearchto promisingso-
lutions. Moreover, we incorporatean automaticmechanismfor
adjustingsearchparameters,to maintainabalancebetweenvisits
to feasibleandinfeasibleregions.

Computationalcomparisonsare conductedon benchmark
GAP instancesknown astypesC, D andE. Thesetestproblems
aretaken from the OR-Library, which is theprimary repository
for suchproblems,andaresupplementedby additionaltest in-
stancesgeneratedby ourselves. The resultsshow thatour GAP
methodis highly effective, especiallyfor the typesD andE in-
stances,which have beenestablishedasthemostdifficult prob-
lemclasses.

Our proposedalgorithm is confirmedby extensive com-
putationalexperimentto be efficient and robust, both in rela-
tion to parametersettingsand variationsin problemstructure.
The outcomesindicatethat usefulbenefitsresultby combining
pathrelinkingandejectionchainstrategiesassociatedwith adap-
tive memorymethods,and making useof classicalrelaxation
methodology. The resultingmethodyields a powerful and ef-
fective tool for practicalapplications.

GENERALIZED ASSIGNMENT PROBLEM
Givenn jobsJ � �

1 � 2 ��������� n � andm agentsI � �
1 � 2 ��������� m � ,

weundertaketo determineaminimumcostassignmentsubjectto
assigningeachjob to exactlyoneagentandsatisfyinga resource
constraintfor eachagent.Assigningjob j to agenti incursacost
of ci j andconsumesanamountai j of resource,whereasthetotal
amountof theresourceavailableatagenti is bi. An assignmentis
amappingσ: J � I, whereσ � j 	
� i meansthatjob j is assigned
to agenti. Thenthe generalized assignment problem (GAP) is
formulatedasfollows:

minimize cost � σ 	�� ∑
j � J

cσ  j ��� j
subjectto ∑

j � J
σ � j � � i

ai j � bi ��� i � I � (1)

GAPis known to beNP-hard,andthe(supposedly)simplerprob-
lemof findinga feasiblesolutionfor GAPis alsoNP-hard,since
thepartitionproblemcanbereducedto thisproblemwith m � 2.
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Therearefive typesof benchmarkinstancescalledtypesA,
B, C, D andE (ChuandBeasley, 1997;Lagunaetal.,1995).Out
of these,we usethreetypesC, D andE, sinceothertwo aretoo
easyto seedifferencesamongthetestedalgorithms.TypesD and
E areusuallysomewhatharderthantypeC, sinceci j andai j are
inverselycorrelated.We tested18 instancesof typesC, D andE
with n up to 200. Among them,typesC andD instanceswere
takenfrom OR-Library,1 andtypeE instancesweregeneratedby
ourselves,andareavailableat our WWW site.2

ALGORITHM
Our algorithm, called PREC (path relinking & ejection

chains),is anextensionof local search.Local searchstartsfrom
an initial solutionσ andrepeatedlyreplacesσ with a betterso-
lution in its neighborhood N � σ 	 until no bettersolutionis found
in N � σ 	 . Theresultingsolutionσ is locally optimal in thesense
thatno bettersolutionexists in its neighborhood.A shift neigh-
borhoodNshift is usuallyusedin local searchmethodsfor GAP,
whereNshift � σ 	�� �

σ ��� σ � is obtainedfrom σ by changingthe
assignmentof one job � . Our algorithmusesan ejectionchain
neighborhood,which consistsof solutionsobtainableby certain
sequencesof shift moves.Sincethesizeof suchaneighborhood
canbecomeexponential,we carefully limit its sizeby usingthe
informationfrom theLagrangianrelaxationof GAP. Theresult-
ing local searchis calledEC probe. For detailsof EC probe,see
(Yagiura,IbarakiandGlover, 1999).

Whenthesearchvisits theinfeasibleregion,weevaluatethe
solutionsby anobjective functionpenalizedby infeasibility:

pcost � σ 	�� cost � σ 	�� ∑
i � I

αi pi � σ 	�� (2)

wherepi � σ 	 � max ! 0 � ∑ j � J � σ  j �#" i ai j $ bi % � Theparametersαi

( & 0) are adaptively controlledduring the searchby using the
algorithmin (Yagiura,IbarakiandGlover, 1999).

Theinitial solutionsfor ECprobesaregeneratedby pathre-
linking, which is a methodologyto generatesolutionsfrom two
or moresolutions. Herewe generatea sequenceσ0 � σ1 � σ2 �������
of solutionsfrom two solutionsσA and σB as follows. First
we set σ0 : � σA . Then, for eachk � 1 � 2 ������� , we defineσk to
be the solutionin Nshift � σk ' 1 	 with the bestpcost amongthose
whosedistanceto σB is smaller than that from σk ' 1, where
the distancebetweentwo solutionsσ and σ � is definedto be
� � j � J � σ � j 	)(� σ �*� j 	+�,� . Let d bethedistancebetweensolutions
σA andσB. Thenσd � σB holds.We keepthebestγ (a parame-
ter) solutionsfrom

�
σ1 � σ2 ��������� σd ' 1 � in aheap,andusethemas

theinitial solutionsfor EC probes.

1URL of OR-Library: http://mscmga.ms.ic.ac.uk/jeb/orlib/gapinfo.html
2URL of ourWWW site:http://www-or.amp.i.kyoto-u.ac.jp/˜yagiura/gap/

Table 1. COMPARISON OF PATH RELINKING AND UNIFORM

CROSSOVER

pathrelinking uniform crossover
type n m min avg. max min avg. max
C 100 5 1931 *1931.0 1931 1931 *1931.0 1931
C 100 10 1402 *1402.0 1402 1402 *1402.0 1402
C 100 20 1243 *1243.0 1243 1243 *1243.0 1243
C 200 5 3456 *3456.0 3456 3456 *3456.0 3456
C 200 10 2806 *2806.8 2807 2806 *2806.8 2807
C 200 20 2391 2391.6 2392 2391 *2391.0 2391
D 100 5 6353 *6353.2 6354 6353 6354.0 6356
D 100 10 6348 *6353.0 6358 6359 6363.4 6370
D 100 20 6210 *6215.2 6220 6259 6269.0 6275
D 200 5 12744 12744.8 12746 12744 *12744.6 12746
D 200 10 12436 *12438.6 12441 12464 12468.0 12473
D 200 20 12266 *12268.4 12271 12349 12356.4 12363
E 100 5 12681 *12681.0 12681 12681 12681.2 12682
E 100 10 11577 *11577.0 11577 11577 *11577.0 11577
E 100 20 8436 *8441.0 8444 8526 8547.4 8563
E 200 5 24930 *24930.0 24930 24930 24930.2 24931
E 200 10 23307 *23307.8 23308 23312 23313.0 23315
E 200 20 22384 *22385.8 22388 22451 22493.0 22528

Whenever path relinking is applied, the two solutionsσA

and σB are randomly chosenfrom a referenceset R ( �R � is a
parameter)of good solutions. Then, beforeapplying the path
relinking, a randomshift is appliedto σB with probability 1/2
(no shift is appliedwith probability1/2) to keepthediversityof
the search. Initially R is generatedrandomly. Oncea feasible
solutionis found,oneof thesolutionsin R is the incumbentso-
lution (i.e., the bestfeasiblesolution). Othersolutionsin R are
maintainedasfollows. Whenever anEC probestops,thelocally
optimalsolutionσlopt is exchangedwith theworstsolutionσworst

in R (excludingtheincumbentsolution),undertheconditionthat
σlopt is notworsethanσworst andis differentfrom all solutionsin
R.

COMPUTATIONAL RESULTS
In this section,algorithmPRECis evaluatedon the bench-

mark instances. All the algorithmswere codedin C and run
on a workstationSunUltra 2 Model 2300(two UltraSPARC II
300MHzprocessorswith 1 GB memory),wherethecomputation
wasexecutedon a singleprocessor. Theparametersweresetto
�R �-� 20 andγ � 10.

Path Relinking and Uniform Crossover
We first comparedthepathrelinking approachwith theap-

plicationof uniform crossover. Uniform crossover is oneof the
traditionalmethodsto generateanew solutionby combiningtwo
(or more)solutions,which is often usedin geneticalgorithms.
The uniform crossover operationas normally definedmust be
amendedto maintaintheassignmentstructureof GAPsolutions,
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which we accomplishin a simplemannerby makingreference
to the σ mappingasfollows. A new solutionσnew is generated
from two solutionsσA and σB by randomlychoosingσnew � j 	
from

�
σA � j 	.� σB � j 	.� with probability 1/2 for each j � J inde-

pendently.
Table1 shows the comparisonof the two approaches.The

two algorithmsare exactly the sameexcept for thesesolution
generationmechanisms,i.e.,we took full advantageof all of the
ejectionchainmethodologyandtheLagrangianrelaxationcom-
ponentin the uniform crossover version. Eachalgorithm was
executedfive times for eachinstance,and the minimum, aver-
ageandmaximumcostsare reported. The time limit for each
run is 150(resp.,300)secondsfor instanceswith n � 100(resp.,
200). The mark ‘ / ’ meansthat a better(or the same)average
cost is attained.For the type C instances,which arequite easy
for both methods,no significantdifferencesemerge. However,
for themorechallengingtypeD andE instances,thepathrelink-
ing approachclearlydominatestheuniformcrossover approach.
In fact,for thetypeD andE instances,theworstresult(asshown
in thecolumn“max”) obtainedby pathrelinking is oftenbetter
thanthebestresult(asshown in thecolumn“min”) obtainedby
uniformcrossover (e.g.,typeD, n � 100,m � 10).

Comparison with Other Heuristics
Algorithm PRECwascomparedwith eight heuristicalgo-

rithms: (1) tabu searchbasedon ejectionchainsby (Yagiura,
Ibaraki andGlover, 1999) (denotedTSEC),(2) two algorithms
of branchingvariabledepthsearchby (Yagiura,Yamaguchiand
Ibaraki,1998)(denotedBVDS-l andBVDS-j), (3) variabledepth
searchby (Yagiura, Yamaguchiand Ibaraki, 1999) (denoted
VDS), (4) variabledepthsearchby (Racerand Amini, 1994)
(denotedRA), (5) tabu searchby (Lagunaet al., 1995)(denoted
LKGG), (6) tabu searchfor thegeneralpurposeconstraintsatis-
factionproblemby (NonobeandIbaraki,1998)(denotedNI), (7)
a MAX-MIN ant systemcombinedwith local searchand tabu
searchby (Lourenço and Serra,1998) (denotedRLS). TSEC,
BVDS-l, BVDS-j, VDS andRA werecodedin C languageby
ourselves,while thecodesof LKGG, NI andRLSwereprovided
by the authors. The codesof LKGG andNI arewritten in C,
and that of RLS is written in FORTRAN 77. The parameters
for BVDS-l, BVDS-j and VDS are set to the valuesreported
in (Yagiura,Yamaguchiand Ibaraki, 1998). RA doesnot in-
cludeany parameter. Theparametersfor LKGG andNI areset
to the default values. The RLS codesincludevarioustypesof
algorithms,whichcanbecombinedby choosingappropriateop-
tions. Herewe chosetheoptionASH+LS+TSasrecommended
in (Lourenço andSerra,1998),andotherparametersweresetto
thedefault values.For comparisonpurposes,we alsoincludein
Table2 theresultsof thegeneticalgorithmby (ChuandBeasley,
1997)(denotedCB),andthetabusearchby (Dı́azandFerńandez,
2001)(denotedDF). The resultsof CB for typeE instancesare

notavailable,andaredenoted‘N.A.’ in thetable.

Table2 shows the bestcostsobtainedby thesealgorithms
within 150 secondsfor n � 100, and300 secondsfor n � 200,
respectively, unlessotherwisestatedbelow the table. See(Yag-
iura, Ibaraki and Glover, 1999) for the computationaltime of
RLSandCB. Accordingto theestimatein (Dı́azandFerńandez,
2001),thetotal timeof eachrun of algorithmDF is smallerthan
ours;however, theresultsin columnDF arethebestof 30 runs,
andif this factis takeninto consideration,thetotal timeof DF is
largerthanours.In Table2, we alsoshow thelower bounds(de-
notedLB) obtainedbysolvingtheLagrangianrelaxationof GAP.
In thetable,each‘*’ markindicatesthatthebestcostis attained,
and ‘—’ meansthat no feasiblesolutionwas found. From the
table,we canobserve that theproposedPRECis very effective,
especiallyfor typeD instances.

Detailed Results of Our Algorithm

As a foundationfor encouragingfuture research,we also
show thedetailedresultsof theproposedPRECmethodin Table
3 with alongertimelimit for eachrun: 3000secondsfor n � 100,
and6000secondsfor n � 200,respectively. Thetableshows the
minimum,averageandmaximumcost,thenumberof runswhere
thebestsolutionis found,andtheaveragecomputationaltime to
find the bestsolution(over thoserunsin which the bestcost is
found)amongfiverunsof algorithmPREC.In this table,wealso
show the bestknown solutionsin (Yagiura,Ibaraki andGlover,
1999),wherethe valueswith ‘†’ areknown to beoptimal. The
mark ‘ / ’ (resp.,‘ /0/ ’) meansthat a tie (resp.,better)solutionis
found. We canobserve that threenew bestsolutionswerefound
for typeD instances.For mostof theinstanceswhoseoptimalso-
lutionsareknown, algorithmPRECfoundtheoptimalsolutions
in all of thefive runs.

CONCLUSION

Theproposedpathrelinking approach(PREC)provesto be
highly effective for thegeneralizedassignmentproblem.Isolat-
ing thepathrelinking componentof our algorithmandcompar-
ing it to theuseof a uniform crossover component(a traditional
meanfor combiningsolutionsoften reportedto be a methodof
choice)disclosesthat theoutcomesfrom pathrelinking aresig-
nificantly superiorto thoseof uniform crossover. More exten-
sive comparisonsof the PRECalgorithm, testingagainsteight
othermethodsthataretheleadingheuristicapproachesfor GAP,
confirmthehighqualityof themethod’sperformancein general.
PRECfoundbettersolutionsthantheothermethodsfor all tested
typeD instances,andmany of thetypeC andE instances.Tests
of PREC with longer computationaltime are also performed,
yieldingnew bestsolutionsfor threetypeD instances.
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Table 2. THE BEST COSTS OBTAINED BY THE TESTED ALGORITHMS

type n m LB PREC TSEC BVDS-l BVDS-j YYI RA LKGG NI RLS1 CB121 DF12121
C 100 5 1930 *1931 *1931 *1931 *1931 *1931 1938 *1931 *1931 1942 *1931 *1931
C 100 10 1400 *1402 *1402 *1402 1403 *1402 1405 1403 1403 1407 1403 *1402
C 100 20 1242 *1243 *1243 1244 1244 1246 1250 1245 1245 1247 1244 *1243
C 200 5 3455 *3456 *3456 *3456 3457 3457 3469 3457 3465 3467 3458 3457
C 200 10 2804 2807 *2806 2809 2808 2809 2835 2812 2817 2818 2814 2807
C 200 20 2391 2392 2392 2401 2400 2405 2419 2396 2407 2405 2397 *2391
D 100 5 6350 *6353 6357 6358 6362 6365 — 6386 6415 6476 6373 6357
D 100 10 6342 *6348 6358 6367 6370 6380 6532 6406 6487 6469 6379 6355
D 100 20 6177 *6210 6221 6275 6245 6284 6428 6297 6368 6358 6269 6220
D 200 5 12741 *12745 12746 12755 12755 12778 — 12788 12973 12923 12796 12747
D 200 10 12426 *12436 12446 12480 12473 12496† 12799 12537 12889 12746 12601 12457
D 200 20 12230 *12267 12284 12440 12318 12335† 12665 12436 12793 12617 12452 12351
E 100 5 12673 *12681 12682 *12681 12682 12685 12917 12687†† 12686‡ 12836 N.A. *12681
E 100 10 11568 *11577 *11577 11585 11599 11585 12047 11641†† 11590‡ 11780 N.A. 11581
E 100 20 8431 8444 *8443 8499 8484 8490 9004 8522†† 8509‡ 8717 N.A. 8460
E 200 5 24927 *24930 *24930 24942 24933 24948 25649 25147†† 24958‡ 25317 N.A. 24931
E 200 10 23302 23308 *23307 23346 23348 23340 24717 23567†† 23396‡ 23620 N.A. 23318
E 200 20 22377 *22384 22391 22475 22437 22452† 24117 22659†† 22551‡ 22779 N.A. 22422
†Resultsafter1,000secondsonSunUltra 2 Model2300 ††Resultsafter20,000secondsonSunUltra 2 Model2300
‡Resultsafter5,000secondsonSunUltra 2 Model2300 3 Computationaltime is reportedin (Yagiura,IbarakiandGlover, 1999)3�3 Resultsin (ChuandBeasley, 1997) 30343 Resultsin (Dı́azandFerńandez,2001)

Table 3. DETAILED RESULTS OF ALGORITHM PREC

best costof 5 runs #best avg. time time
type n m LB known min avg. max found to best limit
C 100 5 1930 †1931 *1931 1931.0 1931 5/5 0.7 3000
C 100 10 1400 †1402 *1402 1402.0 1402 5/5 2.8 3000
C 100 20 1242 †1243 *1243 1243.0 1243 5/5 32.3 3000
C 200 5 3455 †3456 *3456 3456.0 3456 5/5 10.7 6000
C 200 10 2804 †2806 *2806 2806.2 2807 4/5 1070.7 6000
C 200 20 2391 †2391 *2391 2391.0 2391 5/5 1804.3 6000
D 100 5 6350 †6353 *6353 6353.0 6353 5/5 83.6 3000
D 100 10 6342 6349 **6348 6352.0 6356 1/5 7.1 3000
D 100 20 6177 6196 6197 6204.0 6209 1/5 2340.2 3000
D 200 5 12741 12743 *12743 12743.412744 3/5 3565.1 6000
D 200 10 12426 12436 **12433 12436.012438 1/5 480.3 6000
D 200 20 12230 12264 **12244 12251.412258 1/5 5913.0 6000
E 100 5 12673 †12681 *12681 12681.012681 5/5 16.7 3000
E 100 10 11568 †11577 *11577 11577.011577 5/5 11.3 3000
E 100 20 8431 †8436 *8436 8437.6 8440 3/5 280.8 3000
E 200 5 24927 †24930 *24930 24930.024930 5/5 11.1 6000
E 200 10 23302 †23307 *23307 23307.023307 5/5 2034.9 6000
E 200 20 22377 †22379 *22379 22380.222385 4/5 1295.4 6000
†known to beoptimalvalues
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J.A. Dı́azandE. Ferńandez(2001)“A tabu searchheuristic
for thegeneralizedassignmentproblem,” European J. Oper. Res.,
Vol. 132,pp.22–38.

F. Glover(1994)“Geneticalgorithmsandscattersearch:un-

suspectedpotentials,” Statistics and Computing, Vol. 4, pp.131–
140.

F. Glover (1997)“A templatefor scattersearchandpathre-
linking,” LNCS, 1363,Springer, pp.13–54.

M. Laguna,J.P. Kelly, J.L. Gonźalez-VelardeandF. Glover
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